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Denoted by S the class of functions of the form
fðzÞ ¼ zþ
X1
n¼2
anz
n; ð1:1Þ
that are analytic and univalent in the unit disc
U ¼ fz : jzj < 1g and by S* and K the subclasses of S that
are respectively, starlike and convex. Goodman [1,2] intro-
duced and deﬁned the following subclasses of K and S*. A
function f(z) is uniformly convex (uniformly starlike) in U if
f(z) is in K (S*) and has the property that for every circular
arc c contained in U, with center n also in U, the arc f(c) is con-
vex (starlike) with respect to f(n). The class of uniformly con-.in.
ptian Mathematical Society.
g by Elsevier
ing by Elsevier B.V. on behalf of E
2.005vex functions denoted by UCV and the class of uniformly
starlike functions by UST (for details see [1]). It is well known
from [3,4] that
f 2 UCV() R 1þ zf
00ðzÞ
f0ðzÞ
 
P
zf00ðzÞ
f0ðzÞ

:
In [4], Rønning introduced a new class of starlike functions re-
lated to UCV and deﬁned as
f 2 Sp () R zf
0ðzÞ
fðzÞ
 
P
zf0ðzÞ
fðzÞ  1

:
Note that f(z) 2 UCV () zf0(z) 2 Sp. Further Rønning gen-
eralized the class Sp by introducing a parameter a, 1 6 a< 1,
f 2 SpðaÞ () R zf
0ðzÞ
fðzÞ  a
 
P
zf0ðzÞ
fðzÞ  1

:
In 1997, Bharati et al. [5] introduced the following classes of k-
starlike functions of order a (k-ST(a)) and k-uniformly convex
functions of order a (k-UCV(a)).gyptian Mathematical Society.Open access under CC BY-NC-ND license.
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0ðzÞ
fðzÞ  a
 
P k
zf0ðzÞ
fðzÞ  1

;
kP 0; 0 6 a < 1;
and
f 2 kUCVðaÞ () R 1þ zf
00ðzÞ
f0ðzÞ  a
 
P k
zf00ðzÞ
f0ðzÞ

;
kP 0; 0 6 a < 1:
It follows that f 2 k  UCV(a) () zf0 2 k  ST(a).
Recently, Sim et al. [6] introduced the subclasses
k  UCV(a, b) and k  ST(a, b) of the univalent function class
S as follows (see El-Ashwah et al. [7]):
f 2 kUCVða; bÞ () R 1þ zf
00ðzÞ
f0ðzÞ  a
 
P k 1þ zf
00ðzÞ
f0ðzÞ  b

;
where 0 6 a< b 6 1 and k(1  b) < (1  a) and
f 2 k STða; bÞ () R zf
0ðzÞ
fðzÞ  a
 
P k
zf0ðzÞ
fðzÞ  b

;
where 0 6 a< b 6 1 and k(1  b) < (1  a). Notice that
f 2 k-UCV(a, b) () zf0 2 k-ST(a, b).
Motivated by the above works, we deﬁne a uniﬁed subclass
of univalent function class S as follows:
R
zf0ðzÞ þ ð1þ 2kÞz2f00ðzÞ þ kz3f000ðzÞ
zf0ðzÞ þ kz2f00ðzÞ  a
 
> k
zf0ðzÞ þ ð1þ 2kÞz2f00ðzÞ þ kz3f000ðzÞ
zf0ðzÞ þ kz2f00ðzÞ  b

; z 2 U: ð1:2Þ
We also let VUgðk; a; b; kÞ ¼ Uðk; a; b; kÞ
T
Vg, where Vg the
class of functions f 2 S of the form (1.1) for which
arg(an) = p+ (n  1)g, nP 2. For g= 0, we obtain the
familiar class T of functions with negative coefﬁcients [8].
Moreover, we deﬁne V :¼ [g2RVg. The class V was introduced
by Sliverman [9] (see also [10]). It is called the class of functions
with varying argument of coefﬁcients. We note that, by spe-
cializing the parameters k, a, and k we obtain the following
subclasses studied by various authors.
(1) VUgð0; a; 1; 0Þ ¼ VKðaÞ [9].
(2) VU0ð0; a; 1; 0Þ ¼ KðaÞ [8].
(3) VU0ð0; a; 1; kÞ ¼ k  UCV ðaÞ [5,11].
(4) Uð0; a; 1; 1Þ ¼ UCV ðaÞ [4].
(5) Uð0; 1; 1; kÞ ¼ k  UCV [12].
(6) Uð0; a; b; kÞ ¼ k  UCV ða; bÞ [6].
(7) VUgð0; a; b; kÞ ¼ k  UCV ða; bÞ [7].
(8) VU0ðk; a; 1; 0Þ ¼ Uðk; aÞ [13].
(9) VU0ðk; a; 1; kÞ ¼ Uðk; a; kÞ [14].
The main object of this paper is to obtain a sufﬁcient coef-
ﬁcient condition for functions f of the form (1.1) to be in the
class VUgðk; a; b; kÞ and we show that it is also a necessary con-
dition for functions belong to this class. Further we investigate
extreme points, growth and distortion bounds, radii of star-
likeness and convexity and modiﬁed Hadamard products for
the class VUgðk; a; b; kÞ.2. Coefﬁcient estimates
In this section we obtain a necessary and sufﬁcient condition
for functions f(z) in the classes VUgðk; a; b; kÞ.
Theorem 2.1. A function f(z) of the form (1.1) is in Uðk; a; b; kÞ
ifX1
n¼2
½unð1þ kÞ  ðkbþ aÞwnjanj 6 1 a kð1 bÞ; ð2:1Þ
where
un ¼ n2½1þ kðn 1Þ; wn ¼ n½1þ kðn 1Þ; ð2:2Þ
and 1 6 a< b 6 1, 0 6 k< 1, k(1  b) < 1  a and z 2 U.
Proof. It sufﬁces to show that the inequality (1.2) holds true.
Upon using the fact that
RðwÞ > kjw bj þ a iff Rðð1þ keihÞw bkeihÞ > a; ð2:3Þ
then the inequality (1.2) may be written as
R ð1þ keihÞ zf
0ðzÞ þ ð1þ 2kÞz2f00ðzÞ þ kz3f000ðzÞ
zf0ðzÞ þ kz2f00ðzÞ  bke
ih
 
P a:
That is,
R
AðzÞ
BðzÞ
 
> a;
where
AðzÞ ¼ ð1þ keihÞ½zf0ðzÞ þ ð1þ 2kÞz2f00ðzÞ þ kz3f000ðzÞ
 bkeih½zf0ðzÞ þ kz2f00ðzÞ;
and
BðzÞ ¼ zf0ðzÞ þ kz2f00ðzÞ;
then we have
jAðzÞ þ ð1 aÞBðzÞj  jAðzÞ  ð1þ aÞBðzÞjP 0: ð2:4Þ
Now,
jAðzÞþð1aÞBðzÞj ¼ jðð1bÞkeihþ2aÞz

X1
n¼2
½ðbwnunÞkeihð1aÞwnunanznj
P ðð1bÞkþ2aÞjzj
X1
n¼2
½ðbwnunÞk
þð1aÞwnþunjanjjzjn; ð2:5Þ
and
jAðzÞð1þaÞBðzÞj¼ jðð1bÞkeihaÞz
þ
X1
n¼2
½ðunbwnÞkeihþunð1þaÞwnanznj
6 ðð1bÞkþaÞjzjþ
X1
n¼2
½ðunbwnÞk
ð1þaÞwnþunjanjjzjn: ð2:6Þ
186 N. MageshFrom (2.5) and (2.6), we have
jAðzÞþð1aÞBðzÞj jAðzÞð1þaÞBðzÞj
P ½2ð1aÞ2kð1bÞjzj2
X1
n¼2
½ðunbwnÞkþðun
awnÞjanjjzjn
¼ 2 ½ð1aÞkð1bÞjzj
X1
n¼2
½unð1þkÞwnðkbþaÞjanjjzjn
" #
:
The last expression is bounded below by 0 if
X1
n¼2
½unð1þ kÞ  ðkbþ aÞwnjanj 6 1 a kð1 bÞ;
and hence the proof is complete. h
In the following theorem, it is shown that the condition
(2.1) is also necessary for functions f 2 VUgðk; a; b; kÞ.
Theorem 2.2. Let f(z) of the form (1.1) and in Vg, then
f 2 VUgðk; a; b; kÞ if and only if
X1
n¼2
½unð1þ kÞ  ðkbþ aÞwnjanj 6 1 a kð1 bÞ; ð2:7Þ
where un and wn are given by (2.2).
Proof. In view of Theorem 2.1, we need only to show that
fðzÞ 2 VUgðk; a; b; kÞ satisﬁes the coefﬁcient inequality (2.7).
If fðzÞ 2 VUgðk; a; b; kÞ then by deﬁnition, we have
R
ð1 aÞ þP1n¼2ðun  awnÞanzn1
1þP1n¼2wnanzn1
 
P k
ð1 bÞ þP1n¼2ðun  bwnÞanzn1
1þP1n¼2wnanzn1

:
Since f is a function of the form (1.1) with the argument prop-
erty given in the class Vg and setting z= reig in the above
inequality, we have
ð1 aÞ P1n¼2ðun  awnÞjanjrn1
1P1n¼2wnjanjrn1
P k
ð1 bÞ þP1n¼2ðun  bwnÞjanjrn1
1P1n¼2wnjanjrn1 : ð2:8Þ
Letting rﬁ 1, (2.8) leads the desired inequality
X1
n¼2
½unð1þ kÞ  ðkbþ aÞwnjanj 6 1 a kð1 bÞ;
 1 6 a < 1; kP 0:
Finally, the function f(z) given by
fn;gðzÞ ¼ z ½1 a kð1 bÞe
ið1nÞg
½Mnð1þ kÞ  ðkbþ aÞFn z
n;
0 6 g 6 2p; nP 2; ð2:9Þ
where u2 and w2 as written in (2.2), is extremal for the func-
tion. h
Corollary 2.3. Let the function f(z) deﬁned by (1.1) be in the
class VUgðk; a; b; kÞ. Thenjanj 6 1 a kð1 bÞ½unð1þ kÞ  ðkbþ aÞwn
; nP 2: ð2:10Þ
The equality in (2.10) is attained for the function f(z) given by
(2.9).3. Growth and distortion theorems
In this section we obtain growth and distortion bounds for
functions in the class VUgðk; a; b; kÞ.
Theorem 3.1. Let the function f(z) deﬁned by (1.1) be in the
class VUgðk; a; b; kÞ. Then for ŒzŒ< r = 1
r 1 a kð1 bÞ½u2ð1þ kÞ  ðkbþ aÞw2
r2 6 jfðzÞj
6 rþ 1 a kð1 bÞ½u2ð1þ kÞ  ðkbþ aÞw2
r2: ð3:1Þ
The result (3.1) is attained for the function f(z) given by (2.9)
for z =± r.
Proof. Note that
½u2ð1þ kÞ  ðkbþ aÞw2
X1
n¼2
janj 6
X1
n¼2
½unð1þ kÞ  ðkb
þ aÞwnjanj
6 1 a kð1 bÞ;
this last inequality follows from Theorem 2.2. Thus
jfðzÞjP jzj 
X1
n¼2
janjjzjn P r r2
X1
n¼2
janj
P r 1 a kð1 bÞ½u2ð1þ kÞ  ðkbþ aÞw2
r2:
Similarly,
jfðzÞj 6 jzj þ
X1
n¼2
janjjzjn 6 rþ r2
X1
n¼2
janj
6 rþ 1 a kð1 bÞ½u2ð1þ kÞ  ðkbþ aÞw2
r2:
This completes the proof. h
Theorem 3.2. Let the function f(z) deﬁned by (1.1) be in the
class VUgðk; a; b; kÞ. Then for ŒzŒ< r = 1
1 2ð1 a kð1 bÞÞ½u2ð1þ kÞ  ðkbþ aÞw2
r 6 jf0ðzÞj
6 1þ 2ð1 a kð1 bÞÞ½u2ð1þ kÞ  ðkbþ aÞw2
r: ð3:2Þ
Proof. We have
jf0ðzÞjP 1
X1
n¼2
njanjjzjn1 P 1 r
X1
n¼2
njanj; ð3:3Þ
and
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X1
n¼2
njanjjzjn1 6 1þ r
X1
n¼2
njanj: ð3:4Þ
In view of Theorem 2.2,
½u2ð1þ kÞ  ðkbþ aÞw2
2
X1
n¼2
njanj
6
X1
n¼2
½unð1þ kÞ  ðkbþ aÞwnjanj
6 1 a kð1 bÞ; ð3:5Þ
or, equivalently
X1
n¼2
njanj 6 2ð1 a kð1 bÞÞ½u2ð1þ kÞ  ðkbþ aÞw2
: ð3:6Þ
A substitution of (3.6) into (3.3) and (3.4) yields the inequality
(3.2). This completes the proof. h
Theorem 3.3. Let f 2 VUgðk; a; b; kÞ with argument property as
in the class Vg. Deﬁne fj(z) = z, and
fn;gðzÞ ¼ z ½1 a kð1 bÞe
ið1nÞg
½unð1þ kÞ  ðkbþ aÞwn
zn;
0 6 g 6 2p; nP 2: ð3:7Þ
Then f(z) is in the class VUgðk; a; b; kÞ if and only if it can be
expressed in the form
fðzÞ ¼
X1
n¼1
lnfn;gðzÞ; ð3:8Þ
where lnP 0(nP 1) and
P1
n¼1ln ¼ 1.
Proof. Assume that
fðzÞ ¼ l1f1ðzÞ þ
X1
n¼2
ln z
½1 a kð1 bÞeið1nÞg
½unð1þ kÞ  ðkbþ aÞwn
zn
 
¼
X1
n¼1
lnz
X1
n¼2
½1 a kð1 bÞeið1nÞg
½unð1þ kÞ  ðkbþ aÞwn
lnz
n:
Then it follows that
X1
n¼2
½1 a kð1 bÞeið1nÞg
½unð1þ kÞ  ðkbþ aÞwn
ln

½unð1þ kÞ  ðkbþ aÞwn
¼
X1
n¼2
ln½1 a kð1 bÞ 6 ð1 l1Þ½1 a kð1 bÞ
6 1 a kð1 bÞ;
so by Theorem 2.2, fðzÞ 2 VUgðk; a; b; kÞ. Conversely, assume
that the function f(z) deﬁned by (1.1) belongs to the class
VUgðk; a; b; kÞ, then
janj 6 1 a kð1 bÞ½unð1þ kÞ  ðkbþ aÞwn
; nP 2:
Setting ln ¼ ½unð1þkÞðkbþaÞwn 1akð1bÞ janj; ðnP 2Þ and l1 ¼ 1
P1
n¼2ln,
nP 2. Then fðzÞ ¼P1n¼1lnfn;gðzÞ and this completes the
proof. h4. Radii of close-to-convexity, starlikeness and convexity
In this section, we obtain the radii of close-to-convexity, star-
likeness and convexity for the class VUgðk; a; b; kÞ.
Theorem 4.1. Let f 2 VUgðk; a; b; kÞ. Then f(z) is close-to-
convex of order r(0 6 r< 1) in the disc ŒzŒ< r1, where
r1 :¼ inf ð1 rÞ½unð1þ kÞ  ðkbþ aÞwn
nð1 a kð1 bÞÞ
  1
n1
; nP 2: ð4:1Þ
The result is sharp, with extremal function f(z) given by (2.9).
Proof. Given f 2 Vg, and f is close-to-convex of order r, we
have
jf0ðzÞ  1j < 1 r: ð4:2Þ
For the left hand side of (4.2) we have
jf0ðzÞ  1j 6
X1
n¼2
njanjjzjn1:
The last expression is less than 1  r if
X1
n¼2
n
1 r janjjzj
n1 < 1:
Using the fact, that f 2 VUgðk; a; b; kÞ, if and only if
X1
n¼2
½unð1þ kÞ  ðkbþ aÞwn
ð1 a kð1 bÞÞ janj 6 1:
We can say (4.2) is true if
n
1 r jzj
n1 6 ½unð1þ kÞ  ðkbþ aÞwnð1 a kð1 bÞÞ :
Or, equivalently,
jzjn1 ¼ ð1 rÞ½unð1þ kÞ  ðkbþ aÞwn
nð1 a kð1 bÞÞ
 
;
which completes the proof. h
Theorem 4.2. Let f 2 VUgðk; a; b; kÞ. Then
(i) f is starlike of order r(0 6 r< 1) in the disc ŒzŒ< r2;
where
r2 ¼ inf 1 r
n r
  ½unð1þ kÞ  ðkbþ aÞwn
ð1 a kð1 bÞÞ
  1
n1
;
nP 2; ð4:3Þ
(ii) f is convex of order r (0 6 r< 1) in the unit disc
ŒzŒ< r3, where
r3 ¼ inf 1 r
nðn rÞ
  ½unð1þ kÞ  ðkbþ aÞwn
ð1 a kð1 bÞÞ
  1
n1
;
nP 2: ð4:4Þ
Each of these results are sharp for the extremal function f(z)
given by (2.9).
188 N. MageshProof.
(i) Given f 2 Vg, and f is starlike of order r, we have
zf0ðzÞ
fðzÞ  1

 < 1 r: ð4:5Þ
For the left hand side of (4.5) we have
zf0ðzÞ
fðzÞ  1

 6
P1
n¼2ðn 1Þjanjjzjn1
1P1n¼2janjjzjn1 :
The last expression is less than 1  r if
X1
n¼2
n r
1 r janjjzj
n1
< 1:
Using the fact, that f 2 VUgðk; a; b; kÞ if and only ifX1
n¼2
½unð1þ kÞ  ðkbþ aÞwn
ð1 a kð1 bÞÞ janj 6 1:
We can say (4.5) is true if
n r
1 r jzj
n1
<
½unð1þ kÞ  ðkbþ aÞwn
ð1 a kð1 bÞÞ :
Or, equivalently,
jzjn1 ¼ 1 r
n r
  ½unð1þ kÞ  ðkbþ aÞwn
ð1 a kð1 bÞÞ
 
which yields the starlikeness of the family.
(ii) Using the fact that f is convex if and only if zf0 is starlike,
we can prove (ii), on lines similar to the proof of (i). h5. Results on modiﬁed hadamard product
Let the functions fj(z) (j= 1, 2) be deﬁned by
fjðzÞ ¼ zþ
X1
n¼2
an;iz
n; an;i P 0; i 2 N; ð5:1Þ
then we deﬁne the modiﬁed Hadamard product of f1(z) and
f2(z) by
ðf1  f2ÞðzÞ ¼ z
X1
n¼2
an;1an;2z
n: ð5:2Þ
Now, we prove the following.
Theorem 5.1. Let each of the functions fj(z) (j = 1, 2) deﬁned
by (5.1) be in the class VUgðk; a; b; kÞ. Then
ðf1  f2Þ 2 VUgðk; d1; kÞ, for
d1¼ ½unð1þkÞðkbþaÞwn
2½unð1þkÞkbwnð1akð1bÞÞ2
½unð1þkÞðkbþaÞwn2wnð1akð1bÞÞ2
:
ð5:3Þ
The result is sharp.
Proof. We need to prove the largest d1 such that
X1
n¼2
½unð1þ kÞ  ðd1 þ kbÞwn
ð1 d1  kð1 bÞÞ an;1an;2 6 1: ð5:4ÞFrom Theorem 2.2, we have
X1
n¼2
½unð1þ kÞ  ðkbþ aÞwn
1 a kð1 bÞ an;1 6 1;
and
X1
n¼2
½unð1þ kÞ  ðkbþ aÞwn
1 a kð1 bÞ an;2 6 1;
by the Cauchy–Schwarz inequality, we have
X1
n¼2
½unð1þ kÞ  ðkbþ aÞwn
1 a kð1 bÞ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
an;1an;2
p 6 1: ð5:5Þ
Thus it is sufﬁcient to show that
½unð1þ kÞ  ðd1 þ kbÞwn
ð1 d1  kð1 bÞÞ an;1an;2
6 ½unð1þ kÞ  ðkbþ aÞwn
1 a kð1 bÞ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
an;1an;2
p
; nP 2; ð5:6Þ
that is, for n P2
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
an;1an;2
p 6 ½unð1þ kÞ  ðkbþ aÞwnð1 d1  kð1 bÞÞ½unð1þ kÞ  ðd1 þ kbÞwnð1 a kð1 bÞÞ
;
nP 2: ð5:7Þ
Note that
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
an;1an;2
p 6 ð1 a kð1 bÞÞ½unð1þ kÞ  ðkbþ aÞwn
; nP 2: ð5:8Þ
Consequently, we need only to prove that
ð1akð1bÞÞ
½unð1þkÞðkbþaÞwn
6 ½unð1þkÞðkbþaÞwnð1d1kð1bÞÞ½unð1þkÞðd1þkbÞwnð1akð1bÞÞ
;
ð5:9Þ
or equivalently
d16
½unð1þkÞðkbþaÞwn2½unð1þkÞkbwnð1akð1bÞÞ2
½unð1þkÞðkbþaÞwn2wnð1akð1bÞÞ2
¼DðnÞ:
ð5:10Þ
Since D(n) is an increasing function of n(nP 2), letting n= 2
in (5.10) we obtain
d16Dð2Þ
¼ ½u2ð1þkÞðaþkbÞw2
2½u2ð1þkÞkbw2ð1akð1bÞÞ2
½u2ð1þkÞðaþkbÞw22w2ð1akð1bÞÞ2
;
ð5:11Þ
which proves the main assertion of Theorem 5.1. The result is
sharp for the functions deﬁned by (2.9). h
Theorem 5.2. Let the function fj(z)(j = 1,2) deﬁned by (5.1)
be in the class VUgðk; a; b; kÞ. If the sequence
{un(1 + k)  (kb+ a)wn} is non-decreasing. Then the
function
hðzÞ ¼ z
X1
n¼2
a2n;1 þ a2n;2

 
zn ð5:12Þ
belongs to the class VUgðk; d2; kÞ where
Certain subclasses of uniformly convex functions of order a and type b with varying arguments 189d2¼ ½unð1þkÞðkbþaÞwn
22½unð1þkÞkbwnð1akð1bÞÞ2
½unð1þkÞðkbþaÞwn22wnð1akð1bÞÞ2
:
Proof. By virtue of Theorem 2.2, we have for
fjðzÞ ðj ¼ 1; 2Þ 2 VUgðk; a; b; kÞ we have
X1
n¼2
½unð1þ kÞ  ðkbþ aÞwn
1 a kð1 bÞ
 2
a2n;1
6
X1
n¼2
½unð1þ kÞ  ðkbþ aÞwn
1 a kð1 bÞ an;1
 2
6 1; ð5:13Þ
and
X1
n¼2
½unð1þ kÞ  ðkbþ aÞwn
1 a kð1 bÞ
 2
a2n;2
6
X1
n¼2
½unð1þ kÞ  ðkbþ aÞwn
1 a kð1 bÞ an;2
 2
6 1: ð5:14Þ
It follows from (5.13) and (5.14) that
X1
n¼2
1
2
½unð1þ kÞ  ðkbþ aÞwn
1 a kð1 bÞ
 2
a2n;1 þ a2n;2

 
6 1: ð5:15Þ
Therefore we need to ﬁnd the largest d2, such that
½unð1þ kÞ  ðd2 þ kbÞwn
ð1 d2  kð1 bÞÞ 6
1
2
½unð1þ kÞ  ðkbþ aÞwn
1 a kð1 bÞ
 2
;
nP 2
that is
d2 6
½unð1þkÞðkbþaÞwn22½unð1þkÞkbwnð1akð1bÞÞ2
½unð1þkÞðkbþaÞwn22wnð1akð1bÞÞ2
¼WðnÞ:
Since W(n) is an increasing function of n, (nP 2), we readily
have
d26Wð2Þ
¼ ½u2ð1þkÞðaþkbÞw2
22½u2ð1þkÞkw2ð1akð1bÞÞ2
½u2ð1þkÞðaþkÞw222w2ð1akð1bÞÞ2
;
which completes the proof. hAcknowledgements
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